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Abstract

This paper o®ers further inquiry into sources of indeterminacy in
general equilibrium. We take a more agnostic approach than previous
work as we allow for a more general interpretation of externalities.
In particular, we identify the origin of scale economies as being from
either labor or capital. We ¯nd that in the one-sector model it is the
externalities associated with labor that generate the result. However,
in the two-sector model, indeterminacy can be ultimately traced back
to the externalities from capital in the investment sector.
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1 Introduction

Recent research in macroeconomics has focussed on models in which busi-

ness cycles are driven by self-ful¯lling changes in agents' beliefs1. In such

models, the resulting possibility of a continuum of equilibria, or indetermi-

nacy of equilibria, arises because of some market imperfection. This market

imperfection may come from increasing returns to scale in production, often

driven by external e®ects.

In this paper we study such a model. Our focus, however, is di®erent

than that of previous work in that we are interested in ¯nding particular

sources of the external e®ects. That is, we seek to determine more precisely

what kind of external e®ect is operating in generating multiple equilibria.

There has been some speculation about this in the indeterminacy literature.

For example, Benhabib and Farmer (1994, p.19) propose that the externali-

ties are \[...] spillover e®ects of knowledge acquisition". One is more likely,

however, to ¯nd hypotheses about the sources of the externalities in empiri-

cal work estimating production functions. Bartlesman, Caballero and Lyons

(1994) attempt to distinguish between externalities that come from suppli-

ers and from customers. Caballero and Lyons (1992, p.211) say that \[...]

the externalities are unlikely to be of the strict Marshallian type. Most likely

they correspond to transaction or thick-market externalities arising from eas-

ier matching between agents during expansions." There is much skepticism,

however, as to evidence that such explanations are based on reality. Basu and

Fernald (1995, p.166) state: \It is di±cult, however, to identify many exam-

ples of such thick-markets e®ects that a®ect speci¯c manufacturing plants."

In this paper, we think of externalities in a di®erent way. In particular,

1These include Benhabib and Farmer (1994, 1996, 1999), Benhabib and Nishimura
(1998), Christiano and Harrison (1999), Farmer and Guo (1994), Harrison (1999) and
Weder (1998, 1999).
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we propose that they are factor-speci¯c. That is, that economy-wide in-

creases in capital and labor have separate bene¯cial e®ects on the production

of individual ¯rms. The capital externality can be thought of arising from

shared infrastructure, or from strategic complementarities from industrial-

ization. For example, Murphy, Shleifer and Vishny (1989, p.1005) claim that

\[...] the pro¯tability of investment depends on there being enough other

sectors to industrialize so that high future spending justi¯es putting down

a large-scale plant today. [...] coordinated investment across sectors leads

to the expansion of markets for all industrial goods, and can thus be self-

sustaining even when no ¯rm can break even investing alone". Matsuyama

(1991) has a similar argument in a model of international trade. The labor

externality may re°ect the idea that in booms workers exert more search

e®ort, as in Howitt and McAfee (1987); or that as workers becomes more

active, the optimal level of employment rises as costs of production fall, as in

Blanchard and Summers (1988). Though our model di®ers from those used

in the above papers, the intuition for the external e®ect carries over.

The innovative aspect of our work is that we incorporate these ideas about

externalities into a theoretical model that obtains multiple equilibrium solu-

tions. In particular, we study a less restrictive version of the continuous time

two sector model of Benhabib and Farmer (1996). It is now well known that

indeterminacy can result in this model with empirically plausible returns to

scale. However, there is still some question as to whether a slight modi¯ca-

tion of the model can demonstrate that the requirements for indeterminacy

are even less stringent. Therefore, in order to di®erentiate between necessary

and super°uous e®ects, we allow externalities to be factor-speci¯c. In addi-

tion, distinct externalities are derived from the use of sector-speci¯c versus

economy-wide capital and labor.

This paper is not the ¯rst to allow for asymmetric e®ects of capital and
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labor. Benhabib and Nishimura (1998) specify two and three sector models

in which factor shares and externalities are allowed to di®er across sectors.

In addition, they allow for decreasing internal and constant overall returns

to scale in production. Thus, increasing returns may come from ¯xed costs

rather than from a declining marginal cost schedule. We specify only di®ering

externalities, so as to isolate the importance of these e®ects while assuming

constant returns at the ¯rm level. Furthermore, Benhabib and Nishimura

restrict their inquiry into the two-sector model to the special case of utility

that is linear in consumption while we examine only logarithmic utility.2

In our set-up, depending on the restrictions we place on certain param-

eters, the model can collapse to only one sector, so that we have a more

general version of the Benhabib-Farmer-Guo model. In this case, we ¯nd

that both capital and labor externalities are needed for indeterminacy, but

that it is the labor externality whose e®ect drives the result. This is not

surprising, given the well known fact that the upward sloping labor demand

curve is necessary for indeterminacy in this particular model.

Next we examine what happens when we allow for two sectors of pro-

duction. Our results can be summarized as follows. We ¯nd that even with

no externalities in consumption, indeterminacy results when the externali-

ties from investment are su±ciently high. This result is similar to that of

Harrison (1999) and Weder (1999). Furthermore, even with no externalities

from labor, indeterminacy results when the externalities from capital are suf-

¯ciently high. We are able to prove these results analytically and to provide

some intuition for them.

Finally, we merge the models and investigate the complementary e®ects

of sector-speci¯c and aggregate externalities in the two-sector model. We

2See Harrison (1999) for a model in which utility is of the more general constant relative
risk aversion form.
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¯nd that adding aggregate externalities into the model does not reduce the

overall increasing returns that are needed for indeterminacy. On the contrary,

a simple trade-o® between aggregate and sector-speci¯c externalities is seen.

The rest of this paper proceeds as follows. Section 2 presents the model.

In Section 3 we analyze the stability properties of the one sector model.

Then we do the same with the two sector model in Section 4. In Section 5

we consider the general case with both kinds of externalities in the two sector

model. Section 6 concludes.

2 The model

The model is similar to that of Benhabib and Farmer (1996), though it is

less restrictive. The household derives utility from consumption and leisure;

and ¯rms produce with a constant returns to scale technology and an ex-

ternality taken as given. All markets are perfectly competitive. Our model

departs from that of Benhabib and Farmer in one signi¯cant way: we re-

lax restrictions on the external e®ects in a two fold manner. First, we have

both aggregate and sector-speci¯c externalities. In this way, the economy

can have only one sector of production, or two separate sectors that produce

consumption and investment goods. That is, we actually have two di®erent

models. Second, we allow for factor-speci¯c externalities. That is, externali-

ties arising from labor may di®er from those from capital. Most of our results

come from the latter alteration to the model.

2.1 The household problem

The representative consumer maximizes the utility criterion

U =

1Z
0

U (Ct; Lt) e
¡½tdt ½ > 0
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where Ct; Lt and ½ stand for consumption, labor, and the rate of pure time

preference respectively. Let instantaneous utility be given by3

U (Ct; Lt) = lnCt ¡ ÃLt Ã > 0:

We assume the standard capital accumulation technology of the form

:

Kt= It ¡ ±Kt ± 2 (0; 1)

where It is the household's investment expenditures and ± denotes the rate

of capital depreciation. Letting wt denote the wage rate and rt the rental

rate on capital, the period income identity is given by

wtLt + rtKt = Ct + ptIt:

where pt is the relative price of investment and the price of consumption is

normalized to one. Denote by ¤t the shadow value of wealth. Then, the

agent's ¯rst order conditions are

C¡1t = ¤tp
¡1
t (1)

Ã = wt¤tp
¡1
t (2)

:

¤t
¤t
= ½+ ± ¡ rtp¡1t (3)

where (2) describes the intratemporal leisure-consumption trade-o® and (3)

is the intertemporal Euler equation for consumption. In addition, the house-

hold must obey the usual transversality condition

lim
t!1 e

¡½t¤tKt = 0:

3We restrict the study to the case of logarithmic utility since it is consistent with
balanced growth. Indivisible labor is standard in the Real Business Cycles literature.
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2.2 The ¯rms' problems

In the consumption sector, the ¯rm maximizes pro¯t subject to:

yCt = Atkc;t
®lc;t

1¡® ® 2 (0; 1)

where

At = Kc;t
®µCKLc;t

(1¡®)µCLK
®°CK
t L

(1¡®)°CL
t :

Here kc;t and lc;t denote the capital and labor the ¯rm devotes to production

of the consumption good at time t and ® is capital's share in production of the

consumption good. Kc;t and Lc;t denote the economy-wide average capital

and labor devoted to production of the consumption good, which are taken

as given by the ¯rm. Also taken as given are Kt and Lt, the economy-wide

averages of total capital and labor. The parameters µCK and µ
C
L denote the

sizes of the sector- and factor-speci¯c externalities while °CK and °
C
L denote

the sizes of the aggregate factor-speci¯c externalities. That is, the sector-

speci¯c externalities are bene¯ts from the sector-speci¯c inputs only while

aggregate externalities come from all inputs. Recall that it is the distinction

of externalities over di®erent inputs that establishes a novel aspect of this

paper.

In the investment sector, the ¯rm maximizes pro¯t subject to:

yIt = BtkI;t
®lI;t

1¡®

where

Bt = KI;t
®µIKLI;t

(1¡®)µILK
®°IK
t L

(1¡®)°IL
t :

Here kI;t and lI;t denote the capital and labor the ¯rm devotes to produc-

tion of the investment good. KI;t and LI;t denote the economy-wide average

capital and labor used in such production, which are taken as given. The
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parameters µIK and µ
I
L denote the sizes of the sector- and factor-speci¯c ex-

ternalities while °IK and °
I
L denote the sizes of the aggregate factor-speci¯c

externalities.

Given their goals of maximizing pro¯ts, ¯rms hire capital and labor to

satisfy:

rt =
®yCt
kc;t

= pt
®yIt
kI;t

(4)

and

wt =
(1¡ ®)yCt

lc;t
= pt

(1¡ ®)yIt
lI;t

: (5)

Throughout the paper, we will assume that the following holds.

Assumption The level of increasing returns from all sources is modest.

That is, ®(1 + µij + °
i
j) < 1 for i = C; I and j = K; L:

4

2.3 Equilibrium and Dynamics

In competitive symmetric equilibrium we have kc;t = Kc;t and lc;t = Lc;t.

Further, we can write

Y Ct = ¹
1+®µCK+(1¡®)µCL
t K

®(1+µCK+°
C
K)

t L
(1¡®)(1+µCL+°CL )
t

and

Y It = (1¡ ¹t)1+®µ
I
K+(1¡®)µILK

®(1+µIK+°
I
K)

t L
(1¡®)(1+µIL+°IL)
t

where Y Ct and Y
I
t denote economy-wide average values of output of the two

sectors and

¹t ´ KC
t

Kt
=
LCt
Lt
:

4Our de¯nition of modesty includes values of the externality that are empirically plau-
sible given evidence in Basu and Fernald (1997) and Harrison (1998). Note that increasing
returns are not high enough to induce endogenous growth.
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Also, we can solve for the relative price of investment:

pt =
¹
®µCK+(1¡®)µCL
t

(1¡ ¹t)®µIK+(1¡®)µIL
K
®(µCK¡µIK+°CK¡°IK)
t L

(1¡®)(µCL¡µIL+°CL¡°IL)
t : (6)

We de¯ne a perfect foresight equilibrium as follows.5

De¯nition A perfect foresight equilibrium is a set of sequences fKt+1; Lt;

¹t; ¤tg1t=0 and an initial capital stock K(0) > 0 satisfying (1) to (3), (4),

and (5). In addition, the resource constraints and the transversality condition

hold.

The model does not have a closed form solution. Thus, we derive local

dynamics by Taylor approximating around the steady state. The behavior

of the model boils down to the two-dimensional system" :

log ¤t:

logKt

#
= J

"
log ¤t ¡ log ¤
logKt ¡ logK

#
(7)

where J is the 2 £ 2 Jacobian. From (7), the equilibrium of the model

is indeterminate if there exists an in¯nite number of (locally) perfect fore-

sight equilibrium sequences of capital and the shadow price, given an initial

capital stock. Recall that ¤t is a non-predetermined variable and that Kt is

predetermined. Thus, indeterminacy requires that both eigenvalues of J have

negative real parts. Since the trace of the matrix is the sum of its eigenvalues

and the determinant is the product of the eigenvalues, indeterminacy can be

restated as

TrJ < 0 < DetJ:

Similarly, the steady state is saddle path stable if DetJ < 0 and it is a source

if

TrJ > 0 and DetJ > 0:
5See the Appendix which discusses our solution mechanism in full detail.
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In the next three sections we examine three di®erent versions of the model.

In the ¯rst version, there are no sector-speci¯c externalities, only aggregate

externalities. In this case, the model is similar to the one sector model of

Benhabib and Farmer (1994) { in fact, theirs is a special case of the present

model. In the second version, there are no aggregate externalities and the

model has two sectors of production as in Benhabib and Farmer (1996),

Harrison (1999) and Weder (1999). In the last version, we examine the

complementary e®ects of sector-speci¯c and aggregate externalities in the

two sector model. Under various restrictions, we ¯nd analytic expressions

for the trace and determinant of the J matrix for each model. This allows us

to ¯nd conditions under which indeterminacy can result. Our ¯ndings tell

us that in the one sector model externalities are required in both capital and

labor while in the two sector model a necessary and su±cient condition for

indeterminacy is that a certain size capital externality operate.

3 The one sector model

In this section we set µij = 0 for i = C; I and j = K; L but allow for positive

values of the aggregate externalities. In this case, (6) becomes

pt = 1

so that output, Yt, is produced in only one sector and is given by

Yt = Y
C
t + ptY

I
t = K

®(1+°K)
t L

(1¡®)(1+°L)
t

where we have omitted superscripts on the externality parameters. The

model reduces to the one sector model of Benhabib and Farmer (1994), except

that they restrict °K = °L.
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3.1 Stability properties

In this subsection, we examine the stability properties of this model as we

change the externality parameters: We start with the case where °K = °L =

°. In this case,

DetJ =
(½+ ±)(½+ (1¡ ®)±) (®(1 + °)¡ 1)

® [®¡ (1¡ ®)°] : (8)

and

TrJ =
®½+ (®½+ ±)°

®¡ (1¡ ®)°
Given that we have assumed modest increasing returns (®(1 + °) < 1), the

numerator of (8) is negative. Therefore, we have the following condition for

indeterminacy.

Proposition 1 The equilibrium of the one sector model is indeterminate if

° > °min =
®

1¡ ®:

This condition is essentially the same as in Benhabib and Farmer (1994).

Following the calibration suggested by Benhabib and Farmer (1996), i.e.

® = 0:3; ± = 0:1; and ½ = 0:05; which will serve as our model calibration

throughout the rest of the paper, °min = 0:4285, which is clearly outside the

empirically plausible range given evidence in Basu and Fernald (1997).

Next, we consider the case with °K 6= °L: The determinant and trace are
given by

DetJ =
(½+ ±)(½+ (1¡ ®)±) (®(1 + °K)¡ 1)

® [®¡ (1¡ ®)°L] :

and

TrJ =
®½+ (½+ ±)°K ¡ (1¡ ®)½°L

®¡ (1¡ ®)°L
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The determinant is positive for

°L >
®

1¡ ®; (9)

which is equal to °min; and we denote it °minL from here on. Interestingly,

when we assume factor-speci¯c aggregate externalities, the level of externality

necessary for indeterminacy stays the same as when °K = °L = °: For

su±ciency, we also need the trace to be negative. Assuming (9) holds, a

negative trace requires

°K >
½

½+ ±
((1¡ ®)°L ¡ ®); (10)

which is positive but in¯nitesimally close to zero as °L approaches °
min
L . We

are able to formulate the following Proposition.

Proposition 2 Indeterminacy arises in the one sector model if and only if

(½+ ±)°K + ®½

½(1¡ ®) > °L >
®

1¡ ®:

Figure 1 illustrates the stability properties of this model. With °L on

the horizontal axis and °K on the vertical axis, we see how the equilibrium

changes when °L > °
min
L : When °K > ½((1 ¡ ®)°L ¡ ®)= (½+ ±) ; the move

is from determinacy to indeterminacy at °minL . On the other hand, as °L

increases, and if instead °K < ½((1¡®)°L¡®)= (½+ ±) ; the system becomes
a source.

The one sector model is determinate for su±ciently low levels of externali-

ties that arise from aggregate labor. Therefore, the indeterminacy mechanism

appears to founded in the labor market, re°ecting the now well known story

that indeterminacy results because of an upward sloping labor demand curve.

However, Proposition 2 restricts the parameter space for indeterminacy even

further. Basically, given (nonnegative) capital externalities, °L must not be
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too high, otherwise the system becomes a source. In a sense, it is a positive

valued °K that acts to stabilize the model's dynamics in the strict indeter-

minacy sense. Thus, for the one sector model to generate indeterminacy,

increasing returns must be primarily associated with labor.

4 The two sector model

In this section we set °ij = 0 for i = C; I and j = K; L but allow for positive

sector-speci¯c externalities. In this case, the model reduces to a more general

version of that in Benhabib and Farmer (1996). There are now two distinct

sectors of production: consumption and investment.

As above, we ¯nd expressions for the determinant and trace of the J ma-

trix and conditions for indeterminacy. First we restrict µIK = µIL = µI and

¯nd that indeterminacy can result with µI above a certain value. That is,

indeterminacy can result in the two sector model even with no externalities

in consumption. Next we ¯nd that indeterminacy can result with no exter-

nality from labor, as long as the externality from capital is above a certain

minimum. However, the opposite is not true. Finally we are able to pin down

the indeterminacy region while allowing both externalities to be positive.

4.1 Stability properties

First, we restrict µIK = µ
I
L = µ

I . We ¯nd:

DetJ =
± (½+ ±) (½+ (1¡ ®)±)(®(1 + µI)¡ 1)

®2± + µI (®2± ¡ ½¡ ±)
and

TrJ =
®2½± + (®±2 + ½ (®±(1 + ®)¡ ½¡ ±))µI

®2± + µI (®2± ¡ ½¡ ±) :

Note that neither µCK nor µCL appear in these expressions. That is, con-

sumption externalities do not a®ect the stability properties when utility is
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logarithmic. This result is reminiscent of Harrison (1999) and Weder (1999).

It can be understood as follows. As returns to scale in consumption increase,

consumers will want to smooth consumption due to risk aversion. On the

other hand, in order to take advantage of the increasing returns to scale,

they might prefer volatile consumption. These two e®ects work against each

other, but the higher the risk aversion, the more the desire to smooth will

dominate. With logarithmic utility, the two e®ects exactly cancel.

Imposing ®(1 + µI) < 1, the numerator of DetJ is negative. Now, the

conditions for indeterminacy are summarized as follows.

Proposition 3 In the two sector model, when µIK = µ
I
L = µ

I , indeterminacy

results if and only if

0 <
®2±

½+ (1¡ ®2)± < µ
I <

¡®2±½
®±2 ¡ ½ (½+ ± ¡ (1 + ®)®±)

when ®±2 < ½ (½+ ± ¡ (1 + ®)®±) or

0 <
®2±

½+ (1¡ ®2)± < µ
I

otherwise.

For the above values of µI , the determinant is positive and the trace is

negative. Our model calibration falls into the ¯rst category, and denoting

the minimum and maximum investment-sector-speci¯c externalities µImin and

µImax we have µ
I
min = 0:0638 and µ

I
max = 0:1764. Within this range are empir-

ically plausible values. Above the second value, the steady state is a source6.

Note, however, that for some calibrations the upper bound does not matter

6At that point the model has a simple pair of imaginary eigenvalues and a Hopf bifur-
cation takes place. The corresponding analysis is beyond the scope of this paper.
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since the trace is always negative for positive µI . This latter case corresponds

to the second part of Proposition 3.7

Next, allowing factor-speci¯c externalities to di®er, e.g. µIK 6= µIL, the

eigenvalues are implicitly described by

DetJ =
± (½+ ±) (½+ (1¡ ®)±)(®(1 + µIK)¡ 1)

®2± ¡ ® (½+ (1¡ ®)±) µIK ¡ (1¡ ®) (½+ ±) µIL
and

TrJ =
®2½± + ®(±2 ¡ ½2 + ®±½)µIK ¡ ½(1¡ ®) (½+ ±) µIL
®2± ¡ ® (½+ (1¡ ®)±) µIK ¡ (1¡ ®) (½+ ±) µIL

:

We ¯rst set µIK = 0: In this case,

TrJ = ½ > 0

so that the equilibrium cannot be indeterminate. If, however we set µIL = 0;

we ¯nd that indeterminacy arises for

µIK >
®±

½+ (1¡ ®)± :

Therefore, we have

Proposition 4 In the two sector model with µIK = 0, indeterminacy cannot

result.

Proposition 5 In the two sector model with µIL = 0, indeterminacy results

if and only if

µIK > µ
I
Kmin =

®±

½+ (1¡ ®)± :

Under our model calibration, µIKmin = 0:25; which is about four times

larger than in the case where sector-speci¯c externalities from labor were

7This case can appear for larger capital shares and lower discount rates than in our
model calibration.
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included as well. That is, despite the fact that externalities in labor cannot

generate indeterminacy alone, without them, the externality from capital

must be stronger. This makes clear that there is a complementary relation-

ship between the two externalities in producing indeterminacy8.

It is appropriate at this point to compare the values of °minL ; µImin; and

µIKmin: We have the following corollary:

Corollary In the models, minimum scale economies that imply indetermi-

nacy
³
°minL ; µImin; µ

I
Kmin

´
are such that

µImin < µ
I
Kmin < °

min
L

for every parameter constellation (®; ±; ½).

Proof. Suppose that the left hand side inequality does not hold. Then,

® (½+ (1¡ ®)±) ¸ ½+ (1¡ ®2)±

or

(½+ ±)(®¡ 1) ¸ 0
which clearly is contradicted by the assumptions made on the model param-

eters. In addition, if we suppose that the second inequality does not hold,

we have

±(1¡ ®) > ½+ (1¡ ®)±
or

0 > ½

which is also contradicted.

8It is of interest to note that at µIK = (1¡ ®) =®, the economy transforms into the
Ak-style growth model. In other words, in the two sector model long-run growth can
originate from sector-speci¯c externalities that are con¯ned to capital alone.
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The above demonstrates that the minimum externalities needed for inde-

terminacy are always larger in the one sector than in the two sector model,

and that leaving out the labor externality raises the required capital exter-

nality in the two sector model.

Lastly, we experiment by allowing both externalities to be simultaneously

positive. By solving for the trace and determinant, we can formulate our next

Proposition.9

Proposition 6 In the two sector model, indeterminacy results if only if

¡®½ (½+ (1¡ ®)±) µIK < ½ (1¡ ®) (½+ ±) µIL ¡ ®2±½ < ®
³
±2 ¡ ½2 + ®±

´
µIK:

Figure 2 summarizes the di®erent regions that arise in the µIK¡µIL¡plane.
Let us examine the two portions of the curve. The downward sloping region

corresponds to µIK¡µIL-combinations at which the determinant transfers from
negative into positive territory, while the trace is negative. In other words,

there is a move from determinacy to indeterminacy. As the labor externality

increases, the size of the capital externality needed for indeterminacy de-

creases. It seems that agents look for some overall level of increasing returns,

so that a trade-o® exists between the sectoral values. The upward sloping

portion corresponds to µIK ¡ µIL-combinations at which the trace transfers
from negative into positive territory as we increase µIL. Along here, the equi-

librium changes from indeterminate to a source. Three results obtain: (1)

above a certain level of µIL; determinate equilibria cannot result; (2) given a

value of µIL; lower values of µ
I
K result in a source while higher values of µ

I
K

result in indeterminacy; and (3) as the labor externality increases, the size

of the capital externality needed to move from a source to indeterminacy

increases. It is interesting to note that these results imply that given a value

9The results here require ½ < ±; which assumption holds under reasonable parameteri-
zations. Without this assumption, the indeterminacy region may become even larger.
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of µIK; as µ
I
L increases, instability can result. However, given a value of µ

I
L; as

µIK increases, the equilibrium of the model remains indeterminate.

The economic intuition for the stability behavior here is closely linked to

the indeterminacy mechanism of the two sector model. Essentially, in the

two sector model multiple equilibria are the consequence of self-ful¯lling se-

quences of the relative price of investment goods. Given a modest amount

of increasing returns µIK, increases in investment activity generate a decline

in that price. Thus, by shifting expenditures over time but operating along

an optimal path, the household initially induces a fall and then a rise in the

relative price. It is these self-ful¯lling capital gains that constitute indeter-

minacy in the two sector model. Also, labor-related externalities contribute

to indeterminacy as changes in that input shift the returns to capital, thus

helping the realization of mentioned capital gains. However, externalities

that are linked to labor primarily a®ect the labor market. They do not di-

rectly contribute to the above countercyclical pricing sequence, in fact when

considered alone they appear to be counteractive { interestingly, here the one

and the two sector model observe some equivalence, since it is always the ex-

ternalities associated with labor that induce the steady state transformation

from sink to source.

5 The two sector model with aggregate ex-

ternalities

In this section we assume the presence of both sector-speci¯c and aggregate

externalities. Now we have

DetJ =
± (½+ ±) (½+ (1¡ ®)±)(®(1 + °IK + µIK)¡ 1)

®2± ¡ ® (½+ (1¡ ®)±) µIK ¡ (1¡ ®) (½+ ±) µIL ¡ ®±(1¡ ®)°IL
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and

TrJ =
®2½± + ®(±2 ¡ ½2 + ®±½)µIK ¡ ½(1¡ ®) (½+ ±) µIL + ®±(½+ ±)°IK ¡ ®±½(1¡ ®)°IL

®2± ¡ ® (½+ (1¡ ®)±) µIK ¡ (1¡ ®) (½+ ±) µIL ¡ ®±(1¡ ®)°IL
:

We note that °IK has no e®ect on the determinant. Thus, it does not in°uence

the necessary condition for indeterminacy. Given the results in Propositions

4 to 6, as seen in Figure 2, we can disregard the e®ects of µIL: Therefore, we

restrict our analysis to simply µIK and °
I
L. From the condition for a positive

determinant, we can derive the following Proposition.10

Proposition 7 In the two sector model when µIL = 0, indeterminacy arises

when

µIK >
®± ¡ (1¡ ®)±°IL
½+ (1¡ ®)± :

First of all, observe that neither consumption sector externality appears

in these expressions. Further, note that when µIK = 0; this condition becomes

°IL >
®
1¡® ; which is the same as °

min
L from the analysis of the one sector model.

When °IL = 0; we need µ
I
K >

®±
½+(1¡®)± ;which is the same as µ

I
Kmin from the

analysis of the two sector model: Allowing for both types of externalities does

not reduce the minimum overall amount needed for indeterminacy. One way

to see this is to observe that

0 >
@µIKmin(°

I
L)

@°IL
=

¡(1¡ ®)±
½+ (1¡ ®)± > ¡1:

In Figure 3, we depict the line between determinacy and indeterminacy. With

°IL on the horizontal axis and µ
I
K on the vertical axis, the intercepts are the

same as in Figures 1 and 2 respectively. The downward sloped line shows

the trade-o® between sector-speci¯c and aggregate e®ects. Essentially, as we

move down the negatively sloped line, the model is changing from one with

10It is generally the case that the trace is negative at the bifurcation point.

18



two sectors to one with only one sector. The \45 degree line" is also drawn

to emphasize the fact that adding in aggregate externalities does not reduce

the level of overall externalities needed for indeterminacy.

6 Conclusion

This paper o®ers further inquiry into sources for indeterminacy in general

equilibrium. We take a more agnostic path than previous work as we allow

for a more general setup and interpretation of externalities. In particular,

we identify the origin of scale economies (either from labor or capital) that

induces multiple equilibria. We ¯nd that in the one-sector model it is the

externalities associated with labor that generate the result. Matters are

di®erent in the two-sector model, however. Here indeterminacy can be ul-

timately traced back to the external e®ects from capital in the investment

sector. It is these externalities that set in motion the countercyclical pricing

sequence that constitutes indeterminacy in the two sector model. We also

show that versions of the model that consider both kinds of externalities do

not reduce the level of overall externalities needed for multiple equilibria. In

fact, it is the two sector model with sector-speci¯c externalities alone that

obtains indeterminacy at minimal departures from constant returns.
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7 Appendix (not to be published)

7.1 Dynamics of one sector model

The model is completely described by the following three equations.11 Labor

market clearing implies

Ã = ¤t(1¡ ®)K®(1+°K)
t L

(1¡®)(1+°L)¡1
t : (11)

The shadow value of wealth ¤t must obey

:

¤t
¤t
= ± + ½¡ ®K®(1+°K)¡1

t L
(1¡®)(1+°L)
t (12)

and capital accumulates according to

:

Kt

Kt
= K

®(1+°K)¡1
t L

(1¡®)(1+°L)
t ¡ ± ¡ ¤¡1t K¡1

t : (13)

It is easily shown that the steady state is unique. It implies

Y

K
=
½+ ±

®
:

Here, the time subscript has been dropped to indicate stationary values. The

associated Jacobian matrix J is given by

J =

24 ¡ (±+½)(1¡®)(1+°L)
®¡(1¡®)µL ¡ (±+½)(®°K+(1¡®)°L)

®¡(1¡®)µL
±+½¡®2±+®±(1¡®)°L

®(®¡(1¡®)°L)
(±+½)(1+°K)¡®±+(1¡®)±°L

®¡(1¡®)°L

35 :
7.2 Dynamics of two sector model

The set of the following four equations constitutes the two sector dynamics.

Labor market clearing is described by

Ã = ¤t(1¡ ®)(1¡ ¹t)®µIK+(1¡®)µILK®(1+µIK)
t L

(1¡®)(1+µIL)¡1
t : (14)

11Recall that we assume that ¾ = 1.
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The ¯rst order condition for consumption and the production function of the

consumption good together imply

¹
(®µCK+(1¡®)µCL)(1¡¾)¡¾
t (1¡ ¹t)¡®µIK¡(1¡®)µIL (15)

= ¤tK
®¾(1+µIK)¡®(µCK¡µIK)
t L

(1¡®)¾(1+µIK)¡(1¡®)(µCK¡µIK)
t (16)

The shadow value of wealth ¤t must obey
:

¤t
¤t
= ± + ½¡ ®(1¡ ¹t)®µIK+(1¡®)µILK®(1+µIK)¡1

t L
(1¡®)(1+µIL)
t (17)

and capital accumulates according to
:

Kt

Kt
= (1¡ ¹t)1+®µIK+(1¡®)µILK®(1+µIK)¡1

t L
(1¡®)(1+µIL)
t ¡ ±: (18)

The two intertemporal equations entail in steady state that

1¡ ¹ = ®±

± + ½
:

The steady state is unique. The loglinearized model consist of the two equa-

tions

¦1

"
log ¤t ¡ log ¤
logKt ¡ logK

#
= ¦2

"
logLt ¡ logL
log ¹t ¡ log¹

#
and " :

log ¤t:

logK t

#
= J1

"
log ¤t ¡ log ¤
logKt ¡ logK

#
+ J2

"
logLt ¡ logL
log ¹t ¡ log ¹

#
:

Linearizing the static equations lead to

¦1 =

24 1 ®
³
1 + µIK

´
1 ®

³
1 + µIK

´ 35
and

¦2 =

264 ¡1 + (1¡ ®)
³
1 + µIL

´
¡®µIK ¡ (1¡ ®)µIL

(®¡ 1)
h
µCL ¡ µIL ¡ ¾

³
1 + µCL

´i
¡®µIK ¡ (1¡ ®)µIL + (1¡¹)¾

¹

�
(®µIK¡(1¡®)µIL)(1¡¾)

¾
¡ 1

¸ 375 :
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The two intertemporal equations imply

J1 =

24 0 ¡(± + ½)(®
³
1 + µIK

´
¡ 1)

0 ±(®
³
1 + µIK

´
¡ 1)

35
and

J2 =

24 ¡(± + ½)(1¡ ®) ³1 + µIL´ ¡(± + ½)(®µIK(1¡ ®)µIL)
±(1¡ ®)

³
1 + µIL

´
±
³
1 + ®µIK(1¡ ®)µIL

´ 35 :
The model reduces to

" :

log ¤t:

logKt

#
= J

"
log ¤t ¡ log ¤
logKt ¡ logK

#
(19)

with

J = J1 + J2¦
¡1
2 ¦1

where J denotes the 2£2 Jacobian matrix of the linearized dynamical system.

24



Figure 1: Stability Properties of the One Sector Model
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Figure 2: Stability Properties of the Two Sector Model
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Figure 3: Stability Properties of the Two Sector Model with Aggregate Externalities
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